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1. INTRODUCTION
w xIn a recent paper Brenner and Alzer 2 discussed and provided refine-
ments, extensions, and counterparts to four of the cornerstone inequalities
for concave functions: Favard's inequality, Hadamard's inequalities,
Schweitzer's inequality, and the Favard]Berwald inequality. Our present
purpose is to give some simple proofs and extensions to some of the results
w xof 2 . In Section 2 we consider Favard's inequality, in Section 3 Hadamard's
inequalities, and in Section 4 a Schweitzer-type inequality.
w xAs in 2 the restrictions of the real line R to positive and nonnegative
numbers will be denoted respectively by Rq and Rq. A real-valued0
function f defined on an interval I ; R will be termed conca¨e if the
inequality
pf x q qf y px q qy .  .
F f 1.1 . /p q q p q q
is valid for all p, q g Rq.0
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2. FAVARD'S INEQUALITY
w xIn 1933 Favard 3 gave inter alia the following important result. If
w x qf : a, b ª R is continuous and concave, then0
1 1 b
max f x F f t dt. .  .H2 b y aaFxFb a
w xThis result was refined in 2 where the following was shown.
w xTHEOREM 2.1. For a continuous and conca¨e function f : a, b ª R,
1 x y a f a q b y x f b 1 .  .  .  . b
max f x q F f t dt. .  .H2 b y a b y aaFxFb a
Further, if f is strictly conca¨e on a nondegenerate inter¨ al, then the inequality
is strict.
The proof of Brenner and Alzer made use of Dini's Theorem and a
w xremarkable proposition of Bremermann 1 concerning the approximation
of concave functions. We show that a simpler proof is available ¨ia the
w xwell known Hadamard inequalities, which state that for f : a, b ª R a
concave, continuous function we have
f a q f b 1 a q b .  . b
F f t dt F f , .H  /2 b y a 2a
with strict inequality if and only if f is strictly concave on a nontrivial
w xsubinterval of a, b .
Proof of Theorem 2.1. If a - x - b we may apply the left-hand
w x w xHadamard inequality to the subintervals a, x , x, b to give respectively
xf a q f x .  .
x y a F f t dt , .  .H2 a
f x q f b .  . b
b y x F f t dt . .  .H2 x
By addition
b1 b y a f x q x y a f a q b y x f b F f t dt , .  .  .  .  .  .  .H2
a
whence we obtain the main statement of the theorem. The property
relating to strict inequality is inherited from the corresponding result for
the Hadamard inequalities.
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Analogous reasoning may be applied to the right-hand Hadamard in-
equality to provide the following counterpart to Theorem 2.1.
w xTHEOREM 2.2. If f : a, b ª R is continuous and conca¨e, then
1 x y a a q x b y x x q bb
f t dt F min f q f . .H  /  /b y a b y a 2 b y a 2aFxFba
Strict inequality holds if and only if there is a nondegenerate subinter¨ al on
which f is strictly conca¨e.
Brenner and Alzer prove also the following theorem of Favard type.
w x qTHEOREM 2.3. If f : a, b ª R is continuous and conca¨e, then for all0
real numbers a G 0 and 0 - b F 1,
a q b b b
b a aqbmax f x f t dt F f t dt. 2.1 .  .  .  .H H
a q 2b aFxFb a a
We remark that their proof does not fully utilise the assumption about
a , which may be relaxed to give the extension below.
w x q  .THEOREM 2.4. If f : a, b ª R is continuous and conca¨e, then 2.10
holds for all real numbers a and b with a q b ) 0 and 0 - b F 1.
Remark. In the special case b s 1, the inequality reduces to
a q 1 b b
a aq1max f x f t dt F f t dt. 2.2 .  .  .  .H H
a q 2 aFxFb a a
For 0 - b F 1 the function f b is continuous and concave when f is, so we
b  .  .may make the substitutions f ª f , a ª arb in 2.2 and recover 2.1 .
 .  .We have thus proved that 2.1 and 2.2 are equivalent.
 . w xEXAMPLE. Theorem 2.4 provides a further extension of 6.3 of 1 ,
giving for a q b ) 0 and 0 - b F 1 the nontrivial left-hand sides of the
pair of inequalities
b H b sinaqb t dt .a
1 y F F 1 0 F a F pr2 F b F p , .b aa q 2b H sin t dt .a
b Hd cosaqb t dt .c
1 y F F 1 ypr2 F c F 0 F d F pr2 , .d aa q 2b H cos t dt .c
w xwhich generalize a result of Mitrinovic and Pecaric 6 .Â Æ Â
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3. HADAMARD INEQUALITIES
w xBremmer and Alzer 2 also proved the following generalization of
Hadamard's inequalities.
q w xTHEOREM 3.1. Suppose p, q g R , let f : a, b ª R be conca¨e, and let
w x qg : a, b ª R be integrable and symmetric with respect to the line x s A s0
 .  .  .  .pa q qb r p q q , that is, g A q t s g A y t . If
b y a
0 F y F min p , q , 3.1 .  .
p q q
then
pf a q qf b .  . Aqy Aqy
g t dt F f t g t dt .  .  .H Hp q q Ayy Ayy
pa q qb Aqy
F f g t dt. 3.2 .  .H /p q q Ayy
 . w xFor g t ' 1 this reduces to inequalities of Lupas 5 and Vasic andÂ
w x  .Lackovic 8 while for p s q s 1 and y s b y a r2 we get the followingÂ
w xinequalities of Fejer 4 .Â
w x w x qTHEOREM 3.2. Let f : a, b ª R be conca¨e and g : a, b ª R be0
 .integrable and symmetric with respect to the line x s a q b r2, that is,
 . .  . .g a q b r2 q t s g a q b r2 y t . Then
f a q f b a q b .  . b b b
g t dt F f t g t dt F f g t dt. .  .  .  .H H H /2 2a a a
We shall show that Theorem 3.1 follows from Theorem 3.2, so that the
 .two are equivalent. Indeed, condition 3.1 gives
a F A y y F A q y F b ,
w xso that we may apply Theorem 3.2 to the interval A y y, A q y to obtain
f A y y q f A q y .  . Aqy Aqy
g t dt F f t g t dt .  .  .H H2 Ayy Ayy
Aqy
F f A g t dt. 3.3 .  .  .H
Ayy
 .  .The second inequality is just the second inequality of 3.2 . Moreover, 1.1
is equivalent to
x y x x y x3 2 2 1
f x G f x q f x .  .  .2 1 3x y x x y x3 1 3 1
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for a F x - x - x F b, so that1 2 3
b y A y y A y y y a .
f A y y G f a q f b , .  .  .
b y a b y a
b y A q y A q y y a .
f A q y G f a q f b . .  .  .
b y a b y a
Addition gives
f A y y q f A q y b y A A y a .  .
G f a q f b , .  .
2 b y a b y a
that is,
f A y y q f A q y pf a q qf b .  .  .  .
G . 3.4 .
2 p q q
 .Taken with the first inequality of 3.3 , this gives the first inequality of
 .3.2 .
 . w xRemark. In fact, the above proof of 3.4 is given in 7 . The same result
w x w .  .x  .was also obtained in 2 for y s b y a r p q q min p, q , but this
 . w xspecial case can be used together with inequality 3.5 from 2 to obtain
the same result.
4. SCHWEITZER-TYPE INEQUALITIES
w xIn 2 Bremmer and Alzer obtained the following version of Schweitzer's
inequality which does not involve the upper and lower bounds of f.
w x qTHEOREM 4.1. If f : a, b ª R is continuous and conca¨e, then
1 dt f a q b r2 . .b b
1 F f t dt F 1 q log . .H H2 f t . ’f a f ba a  .  .b y a .
We derive the following related result. An extension of the right-hand
inequality of Theorem 4.1 may then be deduced as Theorem 4.3.
w x qTHEOREM 4.2. If f : a, b ª R is continuous and conca¨e, then for all
real numbers a , b with 0 - a q b F 1 and 0 - b F 1
1 a q 2b a q bb b
b a aqbf t dt f t dx F f .  .H H2  /a q b 2a ab y a .
1 b
aqb aqby f a q f b . .  .
2 a q b
4.1 .
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w xProof. As in the proof of Theorem 2.2 in 2 we have
bb b
b a aqbf x f y dy F f y dy q .  .  .H H
a q ba a
b
aqb aqb aqb= x y b f b y x y a f a q f y dy .  .  .  .  .H
a
or
a q 2b bb b
b a aqbf x f y dy F f y dy q .  .  .H H
a q b a q ba a
aqb aqb= x y b f b y x y a f a . .  .  .  .
Integration with respect to x yields
a q 2bb b b
b a aqbf x dx f y dy F b y a f y dy .  .  .  .H H H
a q ba a a
2
b b y a .
aqb aqby f b q f a . .  .
a q b 2
w x aqbSince f is convex on a, b , f is also and hence from the second
Hadamard inequality
a q bb
aqb aqbf y dy F b y a f . .  .H  /2a
Therefore
a q 2b a q bb b 2b a aqbf x dx f y dy F b y a f .  .  .H H  /a q b 2a a
2
b b y a .
aqb aqby f a q f b , .  .
a q b 2
which gives the stated result.
We have the following corollary.
w x qTHEOREM 4.3. If f : a, b ª R is continuous and conca¨e, then for all
real numbers b with 0 - b F 1
1 f a q b r2 . .b b
b ybf t dt f t dx F 1 q b log . .  .H H2 ’f a f ba a  .  .b y a .
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 .Proof. With a q b s e ) 0, the right-hand side of 4.1 can be cast as
a q b b a q b
1 1e e e ef q f y 1 y f a y 1 y f b y 1 . 4  4 .  .2 2 5 /  /2 e 2
4.2 .
 e .  .Since for c ) 0, we have c y 1 re ª log c as e ª 0, 4.2 tends to
a q b
11 q b log f y log f a q log f b 4 .  .2 /2
as e ª 0, given the stated result.
Thus Theorem 4.3 reduces to the right-hand inequality of Bremmer and
Alzer's result, Theorem 4.1, in the special case b s 1, a s y1.
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